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Rotational Spectroscopy (from ERA):

CO Rotational Levels

. E/k

3 33.2°%

2=0.87 mm (345 GHz)

2 16.6 °K

A*1.3 mm (230 GHz)

| S: 9%

The rotational kinetic energy associated with the angular momentum is,
2 2
E,='2 _ L (7106
2 21
Which of course also becomes quantized!

2
Erot = (%)J(JH), J=012..  (7.107)

This quantization of rotational energy implies that changes in rotational energy
are quantized, and the states permitted are restricted by quantum-mechanical
selection rules, which in this simple case is,

AJ = +1. (7.108)

The frequency of the photon can be written,

re2.6mm( 115 GHz)

J=0
Wilson et al., 1970
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L AE;o _ hJ’ J=1, 2,..., (7.109)
r h 2xl
Use to calculate your
rotational frequency = U= ?J =, J=12,.... (7.110)
(structured like a ladder) 4r mrg
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Rotational Spectroscopy: A
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Rotational Lines at Radio Wavelengths: The Best Probe of Complex Molecules
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Rotational Lines at Radio Wavelengths: The Best Probe of Complex Molecules
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Rotational Lines at Radio Wavelengths: The Best Probe of Complex Molecules
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Einstein Coefficients

Fig. 7.5 (ERA)

(. .. . . ) AN EU /]\
To understand how emission, j,, and absorption, .
k., coefficients are related to the atomsand | 53 1\ Ay B,y By, hv
rr?olec.ules in 2?1 Floud, we must introduce the ’*\@/.4« J ¥ 5 \L
\_Einstein coefficients! Y L
i ) = l National
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Fig. 7.5 (ERA)
Einstein Coefficients

(. o . ) A EU /]\
To understand how emission, j,, and absorption, ..
k., coefficients are related to the atomsand |, ; | Ay B,y By, hv
molecules in a cloud, we must introduce the %‘«/«v \§ \i \L
\_Einstein coefficients! Iy E,

A, = spontaneous emission coefficient from level u to /, the probability per unit time that an atom or
molecule in the upper state will emit a photon, and transition to the lower state (s™1).

B, = induced (or stimulated) emission coefficient from level u to /, the probability per unit time per unit

intensity at a given frequency that an atom or molecule in the upper state will emit a photon and transition
to the lower state (s™! or st erg~! cm? rad?).

B,, = absorption coefficient from level / to u; induced emission from level u to /; the probability per unit
time per unit intensity at a given frequency that an atom or molecule in the lower state will absorb a
photon and transition to the upper state (s or st erg~t cm? rad?).

bl National
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Einstein Coefficients

Fig. 7.5 (ERA)

A\ EU /]\
The photon emitted or absorbed during a transition between the
upper and lower states will have energy and frequency related to, A UL BLU BUL hv
E=FEy—-EL (7.38) \4 Vv E \l/
L

The rate (s71) for this process is proportional to the profile-
weighted mean radiation energy density of the surrounding
radiation field,

u= /oou,, ) ¢ () dv (7.39)
0

9 Bruu (7.40)

Where (v) is your narrow line profile. Here a system in the lower
energy stage may absorb a photon of frequency roughly equal to
the rest frequency, v=v,, and transition to the upper state.

bl National
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Einstein Coefficients

Fig. 7.5 (ERA)

A\ EU /]\
The photon emitted or absorbed during a transition between the
upper and lower states will have energy and frequency related to, A UL BLU BUL hv
E=FEy—-EL (7.38) \4 Vv E \l/
L

The rate (s71) for this process is proportional to the profile-
weighted mean radiation energy density of the surrounding
radiation field,

u= /oou,, ) ¢ () dv (7.39)
0

9 Bruu (7.40)

Where (v) is your narrow line profile. Here a system in the lower
energy stage may absorb a photon of frequency roughly equal to
the rest frequency, v=v,, and transition to the upper state.

Analogous for ‘stimulated emission’ or negative
absorption:

BULft (7.41)

. . bl National :
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Einstein Coefficients

Fig. 7.5 (ERA)

AN EU /]\
hv

We can write this coefficients now in useful ways...

UL
The first to balance the system, considering full N
thermodynamic equilibrium (TE) for 'n’ or ’n atoms or

molecules per unit volume in ‘upper’ or ‘lower’ energy

states:

s
<

5, ¢

nuAur + nuBuLu = np Bruu. (7.42)
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Einstein Coefficients

Fig. 7.5 (ERA)
N E U /]\
hv

0
E, Y

We can write this coefficients now in useful ways...

The first to balance the system, considering full N
thermodynamic equilibrium (TE) for 'n’ or ’n atoms or

molecules per unit volume in ‘upper’ or ‘lower’ energy

states:

s
<

nuAur + nuBuLu = np Bruu. (7.42)

And the ratio of n; to n, is fixed by the Boltzmann equation

i? ny 8uU (Eu — EL) gu hvg
— == — - _— 7.43
ni, gL exp[ kT ] gL exp( kT ), ( )

where g, and g, are the numbers of distinct physical states
or (statistical weights) having energies E;, and E,

ASTR 5340 - Introduction to Radio Astronomy (/‘
Contact: sscibell@nrao.edu \grBQSEEERrip_AM

il National
=
@ Redio
S Astronomy
N39A\®) Observatory




Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Einstein Coefficients

Fig. 7.5 (ERA)
N E U /]\
hv

0
E, Y

We can write this coefficients now in useful ways...

The first to balance the system, considering full N
thermodynamic equilibrium (TE) for 'n’ or ’n atoms or
molecules per unit volume in ‘upper’ or ‘lower’ energy

s
<

Solving these two equations (see textbook)

states:
- - gets you the equations of detailed balance:

nuAur + nuBuLu = np Bruu. (7.42)

. . . % g_LBﬂ =1 (7.51)
And the ratio of n; to n, is fixed by the Boltzmann equation 9u BuL
* ny _ 8u [ (Eu _EL)] 8u ( hl/o)

— = — eXx - = — X - ), 743

where g, and g, are the numbers of distinct physical states \ buL 3 /

or (statistical weights) having energies E;, and E,
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Einstein Coefficients

We can write this coefficients now in useful ways...

The first to balance the system, considering full
thermodynamic equilibrium (TE) for 'n’ or ’n atoms or
molecules per unit volume in ‘upper’ or ‘lower’ energy
states:

nuAur + nuBuLu = np Bruu. (7.42)

And the ratio of n; to n, is fixed by the Boltzmann equation

P e BB

kT
where g, and g, are the numbers of distinct physical states
or (statistical weights) having energies E;, and E,

hvo

no_8u _
kT

nL 8L

_ &
8L

), (7.43)

Fig. 7.5 (ERA)
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G(citation Temperature is defined\
by the Boltzmann equation and gives
the ratio of the populations in each
level (T, or Ty)

\_
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

Remember our radiative transfer equation:
dl,
ds

We can construct emission and absorption coefficients from the Einstein coefficients,

= —xl, +jy, (2.27 and 7.52)

K= (%) (n.BrLy — nuBuL) ¢ (). (7.55)

a, . (hw
== ( yp )nUAULCb v). (7.56)

And write the line radiative transfer equation,

dl, h h
I |55 = (22) (B - B O L+ (G2 ) mAud ). [ 7:47)
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

Remember our radiative transfer equation:

dl, .
I = —xl, + 7., (2.27 and 7.52)
We can construct emission and absorption coefficients from the Einstein coefficients,
K= (%) (m.BrLu —nuBuL) ¢ v). (7.55) Vs a\
How does this
‘g: =j, = (%:) nuAuLg (V) . (7.56) determine wh:at
we observe with
And write the line radiative transfer equation, .
ourradio

* a, _ _ (h%) (nLBLu — nuBuL) ¢ W) I, + (hﬂ) nuAuLg @) .| (7:47) Qelescope? Y

ds 4r
il National
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

Remember our radiative transfer equation:
dl,
ds

We can simplify by defining a source function, S,, and writing in terms of the
optical depth, 7,

= —xl, +jy, (2.27 and 7.52)

dI :

=1, -8, where S, = S and Ty = kadZ

dt, k,
(0]
. ‘ al National
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

Remember our radiative transfer equation:
dl,
ds

We can simplify by defining a source function, S,, and writing in terms of the
optical depth, 7,

= —xl, +jy, (2.27 and 7.52)

dI . L
L where S. =9 and 71, = kadz
dTV \Y v v kv 4
by multiplying both sides by e™ a general solution to the equation of radiative
transfer is found, /
T
! /
I, =1,0)e™+ ] exp|— (1, — 7)]S,d7 .
0
bl National
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

Remember our radiative transfer equation:
dl,
ds

We can simplify by defining a source function, S,, and writing in terms of the / \
optical depth, 7, The sum of the background

= —xl, +jy, (2.27 and 7.52)

, L intensity attenuated by the
dI, =1,-8, where S = Jv and T, = kadz interstellar medium plus the

dr, Yok, integrated emission
by multiplying both sides by e™ a general solution to the equation of radiative | ~ attenuated by the effective
transfer is found, , absorption due to the ISM
between the point of

I, = Iy(Oie_T” + ] exp[— (Tv — T,)lsud’?" emission and the observer
: \_ ),
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

A standard observing mode in astronomy is to
measure the intensity along a line-of-sight, LOS, to
the object of interest (e.g., an interstellar cloud)
and then along a LOS just off the object,

A, = IN —I9"™ =[S, - I, ]J(1—-e™)

Receiver

lal National
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

A standard observing mode in astronomy is to
measure the intensity along a line-of-sight, LOS, to
the object of interest (e.g., an interstellar cloud)
and then along a LOS just off the object,

_ JON OFF _
A, =17 - I =[S, -1,](1—e™)
Now, in terms of Einstein coefficients,

— jv — nuA'ul — Aul /Bul
kv nlBlu - nuBul (nlBlu/nuBul) —1

Receiver

Sy

And, assuming the gas isin TE, the Boltzmann
equation and equations of detailed balance can be

substituted to yield, . .
 (2hv3/c?) . ohv3 1 Which is?!
Y ogm/gm, -1 e el —y
l National
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

A standard observing mode in astronomy is to
measure the intensity along a line-of-sight, LOS, to
the object of interest (e.g., an interstellar cloud)
and then along a LOS just off the object,

_ JON OFF _
A, =17 - I =[S, -1,](1—e™)
Now, in terms of Einstein coefficients,

— jv — nuA'ul — Aul /Bul
kv nlBlu - nuBul (nlBlu/nuBul) —1

Receiver

Sy

And, assuming the gas isin TE, the Boltzmann

equation and equations of detailed balance can be =
substituted to yield, ] 2’
_ (ehvije) _ ohvt 1 [Your Planck Function! | ]
Y ogm/gm, -1 e el —y
. . l National
ASTR 5340 - Introduction to Radio Astronomy (/‘ Radio
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

In the case of “local thermodynamic
equilibrium” (LTE) the radiative field is
defined as a blackbody (Planck Function)
with a constant excitation temperature, T,

(where T, ~ T,)

Receiver

Al, =[B,(T,.) - B,(Tp;)I1 —e™)

ASTR 5340 - Introduction to Radio Astronomy (/‘
Contact: sscibell@nrao.edu \g&gsEEERNVgANk

>

al National
=
AN Radio
@ Astronomy
NI¥A®) Observatory




Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

In the case of “local thermodynamic
equilibrium” (LTE) the radiative field is
defined as a blackbody (Planck Function)
with a constant excitation temperature, T,

(where T, ~ T,)

Receiver

Al, =[B,(T,.) - B,(Tp;)I1 —e™)

In the Rayleigh—Jeans limit:
2v2kT
2

T

Bv (T) =

AT =T, — Tyl —-e™)
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

In the case of “local thermodynamic )
equilibrium” (LTE) the radiative field is j\ Emission:
defined as a blackbody (Planck Function) B(T.)> B, (Tx.)
with a constant excitation temperature, T, Vite TV ATEG
(where T, ~ T,,)

Al —

Al, =[B,(T,.) - B,(Tp;)I1 —e™)

Absorption:
\[ Bv(Tex) < Bv (TBG)

Al —>

Ve—_—
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

In the case of “local thermodynamic
equilibrium” (LTE) the radiative field is
defined as a blackbody (Planck Function)
with a constant excitation temperature, T,

(where T, ~ T,)
AIV - [Bv(]-:zx) - Bv (TBG )](1 - e_Tv)
In the limiting cases,
Al, =[B,(T,.)— B,(Tg;)] fort,>1
Al, =[B,(T,,) - B,(Tgg)]t, fort, <1
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

In the case of “local thermodynamic
equilibrium” (LTE) the radiative field is
defined as a blackbody (Planck Function)
with a constant excitation temperature, T,
(where T, ~ T,,)

AIV - [Bv(]-'ex) - Bv (TBG )](1 - e_Tv)
In the limiting cases,
Al, =[B,(T,.)— B,(Tg;)] fort,>1
Al, =[B,(T,,) - B,(Tgg)]t, fort, <1

A

Optically thick lines (e.g., 12CO) or dust emission can be
used to determine the temperature of a cloud!

Optically thin lines (e.g., 13CO or C180) or dust emission is
directly proportional to the cloud’s optical depth (and

thus column density and cloud mass)!
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

T, — T. ) (In 2)'? he? gu AuL
Tx ey kv gL Av

A
RS N

Optically thick lines (e.g., 12CO) or dust emission can be
used to determine the temperature of a cloud!

AT, =~ (Tx — T.) 10 = ( (7.139)

= Optically thin lines (e.g., 13CO or C180) or dust emission is
directly proportional to the cloud’s optical depth (and

thus column density and cloud mass)!
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)
Radiative Transfer with Einstein Coefficients

(To getcolumn density, N,, \
you need to know the

physical states of your
(7.139) molecule and calculate the

32 12 .
4732 k2 gL Av spontaneous emission

A Q:oeffi ient )
e ™

Optically thick lines (e.g., 12CO) or dust emission can be
used to determine the temperature of a cloud!

T, — T. (In 2)'2 he? gu Aur
25 )M

= Optically thin lines (e.g., 13CO or C180) or dust emission is
directly proportional to the cloud’s optical depth (and

thus column density and cloud mass)!
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

The spontaneous emission coefficient be calculated by
writing in terms of the mean electric dipole moment,

64
A =
BT

oL |*2°.| (7.131)

For a linear rotating molecule,

st = 27
== 2J+1°

(7.132)

As-r-1 ) _11‘ p ‘2 ( J ) v\’
~ 1.1 — ( ) . (71
( s1 0510 DI \2J+1/\GHz (7.133)
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

The spontaneous emission coefficient be calculated by Aamme for CO (1-0):
writing in terms of the mean electric dipole moment,
1
y A ~ 1.165 x 1071 -0.112-(—)-1153
Ay, = 27 lwoL 22| (7.131) 3
UL = 3he3 HULL V- ' ~71x1078 s7!

Solving for critical density assumes a
typical collisional cross section and average

velocity for H, molecules,

For a linear rotating molecule,

st = 27
== 2J+1°

(7.132)

. AuL 7% 1078 71
n o~ ~

oV 1075 em?2-5x%x10* cm s-!

(AJ:{_I)“1'165’<10_“%‘2(ZIJ+1)(GVHZ)3' (7.133) \ ~14%10° em™. /
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

Related to A, the upper energies give clues
into what type of environments are molecular
lines are likely to emit at and are directly
connected to the minimum gas temperature
needed for significant collisional excitation,

lﬁﬂﬁ
k

Tmin ~

Ey

k

JU+DR W hUJ+1)
2 - 4rx?lk 4] 2k

(7.116 & 7.118)

Fig. 7.15 (ERA)

250

200
12C160 (J>J—1)

20
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

(To getcolumn density, N,, \
you need to know the

physical states of your

12 7 3
ATy ~ (T, — T.) 79 = ( I — Ic ) N (In 2) ™ he” U AuL (7.139) | molecule and calculate the
Tx 4732 kv% gL Av spontaneous emission
E \oeffi ient )
t
Tonin ~ l‘;’
J(J+1Dh? kW h(J+1) Eu
2 - 4rn?lk 4z?] 2k k 4 h
In practice... we look up these terms
(7.116 & 7.118) in Splatalogue!
https://splatalogue.onlin
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Line Radiative Transfer (ERA 7.3, 7.4, +7.7, THz Astronomy Chap. 2)

Radiative Transfer with Einstein Coefficients

Fig. 7.16 (ERA)

141 o 37 Indentified Features
I 35 Unidentified Features
z3 r ox QT 5003K (heorssca
2k g 55| 735 ¢ 8 _ # ™ L
% 28 5.8 8 £ % 3 &
1'0 - (& (& ] O é“ E_; 5__| I o I 2 : l~
o TElged | 2 ;o3 38 £ 3 5
< 08f L |le &z | &/ 2 8| 5 _=zz ZT = §
e V1 25 I 5 2)38399¢ T ¢ g,
#F ! ) 'S | o |%¢ = | / \‘ll
[ | o \ 5‘ [&] ? & 1 |/ I,
!f i =\ ’ \ | | X 9 '1 / o (.II)
WAE: fT RN E ] FE
[ (2 = = | Y ;_i-
| f4 3“ ;M\E T ‘i % f’ ‘\
Wit L | \ L What spectral line are we looking at?
Use Splatalogue!
1 1 1 | | °
231200 231400 231600 231800 https://splatal nlin
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Practical use - Rotation Diagrams

10f 25
CHsCHO A CHsCHO E
S0r 50,5 —Hw.a I r1 5.5 — 4.4
100
CH+CHO A CHsCHOE
S0r 40,4 = 3.3 dip.4= 303 23

CH:CHO A CH;CHO E

dia 30 4,430

Y-axis:
Solving your radiative
transfer equation in the
optically thin limit

Corrected Source Size
T.. =4.457 + 0.849
-0.614
N = 2.832el12 + 1.207
- 0.846

Contact: sscibell@nrao.edu

. CH:CHO A CH;CHO A 20
e J
E S0p Zon=lon 3n =202 . .
3 \ X-axis: Upper energies for each
T O A A A i transition Scibelli et al., 2021
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Practical use - Rotation Diagrams
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Diffuse Clouds Dense Clouds

MOIeCUIar 2ol - Star Formation
. Planetary Nebula g & % ’
Life Cycle e o - ) g
‘ Star Formation
Within Galaxies... 2 /Cloud Dispersion
Stellar Deaths
Evolved Stars Protoplanetary Disks  planet Formation
/ Other Solar
/ Systems

Comets

G// Meteorites

Life seeded from space?

M51 - Whirlpool Galaxy

Credit: L. Ziurys
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